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Abstrat
This is an exposition of some new aspets of quantum logi gates.
At rst we established general relations for fundamental quantum gate
A with unique restrition A
2
= I , where I is unit matrix. The expliit
form of the generator and roots of a matrix(gate) A have been found.
Then the general results are applied to the partiular ases of one-qubit
and multi-qubit quantum gates. Some basi properties of generators and
roots of Pauli and Hadamard gates are demonstrated.
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1 Introdution
The study of mathematial problems of quantum omputation and quantum
information theory is an interesting area of researh. Qubit (quantum bit) is the
basi unit of quantum information, whih is proessed by quantum logi gates.
Abstrat quantum omputer onsists of equal number of n input and n output
qubits, onneted by unitary (thus invertible) 2n×2n matrix U : U |in >= |out >
suh that UU † = I = U †U . Just as lassial logial gates transform lassial
bits from one state to another, quantum logi gates hange the state of qubits,
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performing quantum omputation. However, in the quantum ase, the unitarity
of the logi gates imply in reversibility |in >= U †|out >, an important feature
of quantum omputing.
Aording to the most popular iruit model, rst introdued in 1985 by D.
Deutsh and suintly desribed in a reent publiation by P. Shor [1℄ the gate
U in turn is made out from elementary 2×2 and 4×4 matries, alled quantum
gates. In a lassial artile of A. Bareno et al [2℄ it has been proven that
arbitrary n-qubit quantum gate an be implemented by CNOT gates operating
on two qubits, and elementary one-qubit gates. Thus, one-qubit gates ombined
with CNOT form an adequate set of elementary gates for universal quantum
omputation. The major advantage of quantum gates on multiple qubits over
usual lassial logial gates is that the number of quantum states whih an
be proessed simultaneously grows exponentially like 2n with the number of
qubits onsidered. It is important to note the fat that any n-qubit gate an be
modeled by one-qubit and two-qubit gates.
In order to onstrut real physial devies for quantum omputation and
quantum ommuniation it is helpful to deal, in some depth, with mathematial
properties of quantum logi gates, the primary tools for proessing the quantum
information stored in qubits [1℄-[4℄. In partiular, it is interesting to deal with
generators and roots of quantum logi gates. Finding the generator of a logi
gate helps understanding the underlying logial operation, while any root of a
given gate is itself a new gate.
The struture of this artile is as follows: In Setion 2 we formulate some
general relations for abstrat quantum gate A with unique restrition A2 = I,
providing a bakground for approahing the haraterization of several basi
quantum gates in the following setions. In Setion 3 and 4 we apply the
general relationships above for the ase of one-qubit gates and to two-qubit
gates, respetively. In Setion 3 we also ompute the ommutators and anti-
ommutators of the square roots of elementary quantum gates usually used as
building bloks of more omplex quantum operators. The relations of Setion 2
an be applied to any legitimate multi-qubit gate. In order to illustrate it they
are applied to Tooli and other three-qubit gates [3, 4, 6℄ in Setion 5. Finally
some onlusions are made in Setion 6.
2 Euler Equation and its Consequenes
To alulate generators and roots of dierent logi gates we need to build up
some general relations, using well known methods of matrix linear algebra. Let
us onsider rst a self-inverse matrix A, satisfying A2 = I or A = A−1. The
generalized Euler relation for any suh matrix reads as (see, for instane, [4℄):
e±iαA = I cosα± iA sinα. (1)
Some elegant partiular ases of this relation ould be notied:
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a) For α = pi we get
e±ipiA = −I. (2)
b) When α = pi/2 we have
e±i
pi
2
A = ±iA. (3)
From this relation we obtain
A = ei
pi
2
(I−A), (4)
or in a more elegant form
A = iI−A. (5)
) When α = pi/4
e±
pi
4
A =
1√
2
(I ±A). (6)
From (5) it follows that the n-th root of arbitrary self-inverse gate A is provided
by the relation:
n
√
A = ei
pi
2n
(I−A), n = 1, 2, 3, ... (7)
Using relation 7 with n = 2 and keeping in mind equation 6 the square root of
A is straightforwardly omputed as:
√
A =
1√
2
(eipi/4I + e−ipi/4A) (8)
or in equivalent form
√
A =
1√
2i
(iI +A) (9)
This general relations will be applied in Setion 3 and Setion 4 to alulate the
square roots of most ommonly used one- and two-qubit quantum gates
The Hermitean matrix pi/2(I−A) in relation 5 is the generator of the matrix
A. Suh terminology is a reminisene of the quantum physis where Hermitean
matrix generates evolution of the unitary matrix. From matrix algebra it is well
known that every unitary matrix A an be represented in exponential form A =
eiHwhere H is a Hermitean matrix alled generator of unitary transformation,
sine A† = e−iH
†
= e−iHand hene AA† = 1. Here H must not be onfused
with Hadamard gate in the following setions.
3
3 One-Qubit Gates
Now we will onsider the appliation of general expressions 8 and 9 for om-
putation of the square root of self-inverse matrix A to some partiular ases.
A quantum gate is the analogue of a logi gate in a lassial iruit model.
Typially, ertain primitive gates are used in developing quantum iruits as
elementary building bloks. We are going to onsider here the Pauli, Hadamard
and phase gates [3℄,[4℄. In partiular, the Pauli gates are of extreme importane
in the eld of quantum information theory, beause any operator in the one-
qubit spae an be written as a linear ombination of the following self-inverse
Pauli operators:
I =
(
1 0
0 1
)
, X =
(
0 1
1 0
)
, Y =
(
0 −i
i 0
)
, Z =
(
1 0
0 −1
)
. (10)
satisfying
X2 = Y 2 = Z2 = I. (11)
These elementary operators at on qubit |a >, a ∈ {0, 1} aording to:
Identity I |a >= |a >
Bit flip X |a >= |1⊕ a >
Bit− Phase flip Y |a >= i(−1)a|1⊕ a >
Phase flip Z |a >= (−1)a|a >
(12)
Here ⊕is the binary addition operation with properties 0⊕ a = a, 1⊕ a = 1− a
and a⊕ b = a+ b− 2ab, where + and - are ordinary arithmeti operators.
Another useful gate is the Hadamard gate whih makes superposition of
quantum states:
H =
1√
2
(X + Z) =
1√
2
(
1 1
1 −1
)
(13)
and ats on qubit as follows:
H |a >= 1√
2
(X |a > +Z|a >) = 1√
2
(|1⊕ a > +(−1)a|a >) . (14)
Finally, the phase gates
S =
(
1 0
0 i
)
, T =
(
1 0
0 eipi/4
)
(15)
multiply basis vetors by a phase, that is:
S |a >= ia|a >= ei pi2 a|a >, T |a >= eipi4 a|a > (16)
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3.1 Roots of One-Qubit Gates
Using 8 and 9 we an obtain the square roots of X, Y, Z, H and S gates in the
expliit forms:
a). Pauli matries:
√
X =
1
2
(
1 + i 1− i
1− i 1 + i
)
=
1√
2i
(iI +X) =
1√
2i
(
i 1
1 i
)
(17)
√
Y =
1
2
(
1 + i −1− i
1 + i 1 + i
)
=
1√
2i
(iI + Y ) =
1√
2i
(
i −i
i i
)
(18)
√
Z =
1√
2i
(iI + Z) =
(
1 0
0 i
)
= S (19)
b). Hadamard gate:
√
H =
1√
2i
(iI +H) =
(
cos2 pi8 + i sin
2 pi
8
1−i
2
√
2
1−i
2
√
2
sin2 pi8 + i cos
2 pi
8
)
(20)
). Phase gate:
√
S =
1√
2
(eipi/4I + e−ipi/4S) =
(
1 0
0 eipi/4
)
= T (21)
In the same manner, the orresponding output of the square root gates on one-
qubit state |a > an be written in the ompat form:
√
X |a >= 1√
2
(
ei
pi
4 |a > +e−ipi4 |1⊕ a >) (22)
√
Y |a >= 1√
2
ei
pi
4 (|a > +(−1)a|1⊕ a >) (23)
√
Z |a >= 1√
2
(
ei
pi
4 + e−i
pi
4 (−1)a) |a > (24)
√
H |a >=
(
1√
2
ei
pi
4 +
1
2
e−i
pi
4 (−1)a
)
|a > +1
2
e−i
pi
4 |1⊕ a > (25)
3.2 Generators of One-Qubit Operators
Pauli matries in exponential form looks like
X = e
ipi
2

 1 −1−1 1


, Y = e
ipi
2

 1 i−i 1


, Z = e
ipi
2

 0 0
0 2


, (26)
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This representation allows alulate immediately the square roots of Pauli ma-
tries whih, of ourse, agree with orresponding root expressions from 3.1:
√
X = e
ipi
4

 1 −1−1 1


=
1√
2
(
ei
pi
4 e−i
pi
4
e−i
pi
4 ei
pi
4
)
=
1
2
(
1 + i 1− i
1− i 1 + i
)
(27)
√
Y = e
ipi
4

 1 i−i 1


=
1√
2
(
ei
pi
4 −eipi4
ei
pi
4 ei
pi
4
)
=
1
2
(
1 + i −1− i
1 + i 1 + i
)
(28)
√
Z = e
ipi
4

 0 0
0 2


=
(
1 0
0 i
)
(29)
Following the same reasoning the Hadamard matrix an be rewritten in expo-
nential form as:
H = e
ipi
2

 1− 1√2 − 1√2− 1√
2
1 + 1√
2


= e
ipi

 sin
2 pi
8 − 12√2
− 1
2
√
2
cos2 pi8


(30)
From this it follows the same expression for the square root of Hadamard oper-
ator as in (20):
√
H = e
ipi
2

 sin
2 pi
8 − 12√2
− 1
2
√
2
cos2 pi8


=
(
cos2 pi8 + i sin
2 pi
8
1−i
2
√
2
1−i
2
√
2
sin2 pi8 + i cos
2 pi
8
)
(31)
Let us remind that the eigenvetors of Hadamard matrix for eigenvalues +1
and -1 are (cos pi8 , sin
pi
8 ) and (− sin pi8 , cos pi8 , ), respetively (see, for example,
equation 112 in [5℄) and that cos pi8 =
1
2
√
2 +
√
2 and sin pi8 =
1
2
√
2−√2.
3.3 Commutators of the roots of Logi Gates.
Commutator of two operators A and B, also alled the Lie braket is dened
by [A,B] = AB − BA. The ommutators of Pauli matries are well known [7℄
and are given by:
[X,Y ] = 2iZ, [Y, Z] = 2iX, [Z,X ] = 2iY. (32)
We observed that the ommutators of the orresponding square root operators
have the same symmetri struture and satisfy the following relations:
[
√
X,
√
Y ] = Z, [
√
Y ,
√
Z] = X, [
√
Z,
√
X] = Y. (33)
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Very interesting relations were also obtained for ommutators of square roots of
Pauli matries with Hadamard and square root of Hadamard operator as shown
below:
[H,
√
X ] = ie−ipi/4Y, [H,
√
Y ] = −eipi/4H, [H,
√
Z] = −ie−ipi/4Y (34)
and
[
√
H,
√
X ] =
1√
2
Y, [
√
H,
√
Y ] = −H, [
√
H,
√
Z] = − 1√
2
Y. (35)
The antiommutator is dened by {A,B} = AB+BA. It an be demonstrated
that for square roots of Pauli operators antiommutators are:
{
√
X,
√
Y } = Z, {
√
Y ,
√
Z} = X, {
√
Z,
√
X} = Y. (36)
This ould be ompared with well known antiommutator relations for Pauli
matries in Ref. [2℄ and [3℄.
4 Two-Qubit Gates.
Two-qubit gates lives in the Hilbert spae C4 and are dened by tensor produt
|ab >= |a > ⊗|b >, where a, b ∈ {0, 1}. They an be proessed by two-qubit
gates whih are the main ingredient of quantum omputer, sine alulation
eventually is performed through ombination of dierent qubits. Together with
one-qubit gates they form a universal set suient for quantum omputing.
The most popular two-qubit gates are CNOT and SWAP gates. Sine they
are self-inverse, CNOT 2 = CNOT and SWAP 2 = SWAP , we an apply the
general relation 7 to represent them in exponential form:
CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 = e
ipi
2


0 0 0 0
0 0 0 0
0 0 1 −1
0 0 −1 1


(37)
SWAP =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 = e
ipi
2


0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0


(38)
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A omplete Hermitean 4×4 operator basis in this spae is provided by 16 tensor
produts of Pauli matries:
I ⊗ I I ⊗X I ⊗ Y I ⊗ Z
X ⊗ I X ⊗X X ⊗ Y X ⊗ Z
Y ⊗ I Y ⊗X Y ⊗ Y Y ⊗ Z
Z ⊗ I Z ⊗X Z ⊗ Y Z ⊗ Z
(39)
The exponential representation is onvenient for alulating roots of two-qubit
gates. For example, the operator X ⊗ X has the following exponential repre-
sentation:
X ⊗X =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 = e
ipi
2


1 0 0 −1
0 1 −1 0
0 −1 1 0
−1 0 0 1


(40)
and its root is given by:
√
X ⊗X = e
ipi
4


1 0 0 −1
0 1 −1 0
0 −1 1 0
−1 0 0 1


=
1√
2


eipi/4 0 0 e−ipi/4
0 eipi/4 e−ipi/4 0
0 e−ipi/4 eipi/4 0
e−ipi/4 0 0 eipi/4


(41)
All other gates from the set 39an be treated on the same manner.
5 Tooli, Fredkin and Peres Gates.
A variety of three-qubit gates are known, but we an onne our disussions to
the to the Tooli, Fredkin [3℄,[4℄ and Peres [6℄ three-input three-output gates
whih play an important role in quantum omputation theory.
Our general approah an be as well applied for these three-qubit gates.
From the denition of Tooli (CCNOT ) and Fredkin (F or Controlled-SWAP)
gates
CCNOT |a, b, c >= |a, b, c⊕ ab > | (42)
F |a, b, c >= |a, b, c > (43)
where b = b(1⊕ a) + ca and c = c(1⊕ a) + ba, and using 8 we get the output of
the orresponding root operators:
√
CCNOT |a, b, c >= 1√
2
(
ei
pi
4 |a, b, c > +e−ipi4 |a, b, c⊕ ab >) , (44)
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√
F |a, b, c >= 1√
2
(
ei
pi
4 |a, b, c > +e−ipi4 |a, b, c >) . (45)
Peres gate [6℄ is dened by transformation:
P |a, b, c >= |a, b⊕ a, c⊕ ab > (46)
and hene from (8) it follows that the root of Peres gate performs the following
operation:
√
P |a, b, c >= 1√
2
(
ei
pi
4 |a, b, c > +e−ipi4 |a, b⊕, c⊕ ab >) . (47)
As an example let us onsider the expliit matrix form of the generator of Tooli
gate. In a three-qubit spae the Tooli gate and his generator an be represented
by the following 8× 8matries:
CCNOT =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


= e
ipi
2


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 −1
0 0 0 0 0 0 −1 1


(48)
Using this representation it is now easy to alulate the square root (an other
roots) of Tooli gate. The same an be demonstrated for Fredkin and Peres
gates.
6 Conluding Remarks
We have derived some useful relations for a series of quantum logi gates whih
an be assembled into iruits to perform more ompliated quantum operations.
For example, the Controlled-square-root of-NOT gate
√
CNOT and square root
of SWAP gate
√
SWAP are frequently used in synthesis of quantum iruits.
In this paper we restrited by onsideration only of square roots of logi gates.
But it must be noted that 7 also enables to ompute higher order (n=3,4,...)
roots of orresponding gates.
The hope is that the mathematial results presented here will ade in the
development of future quantum algorithms.
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